ABSTRACT. We determine the Z/ℓ-monodromy and Z ℓ -monodromy of with the boundary of M g . We give applications to the generic behavior of automorphism groups, Jacobians, class groups, and zeta functions of curves of given genus and p-rank.
INTRODUCTION
Suppose C is a smooth connected projective curve of genus g ≥ 1 over an algebraically closed field k of characteristic p > 0. The Jacobian Pic 0 (C) is a principally polarized abelian variety of dimension g. The number of p-torsion points of Pic 0 (C) is p f for some integer f , called the p-rank of C, with 0 ≤ f ≤ g.
Let M g be the moduli space over k of smooth connected projective curves of genus g; it is a smooth Deligne-Mumford stack over k. The p-rank induces a stratification M g = ∪M f g by locally closed reduced substacks M f g , whose geometric points correspond to curves of genus g and p-rank f .
Let ℓ be a prime number distinct from p. In this paper, we compute the ℓ-adic monodromy of every irreducible component of M f g . The main result implies that there is no restriction on the monodromy group other than that it preserve the symplectic pairing coming from the principal polarization. Heuristically, this means that p-rank constraints alone do not force the existence of extra automorphisms (or other algebraic cycles) on a family of curves.
To describe this result more precisely, let S be a connected stack over k, and let s be a geometric point of S. Let C → S be a relative smooth proper curve of genus g over S. Then Pic 0 (C) [ℓ] is anétale cover of S with geometric fiber isomorphic to (Z/ℓ) 2g . The fundamental group π 1 (S, s) acts linearly on the fiber Pic 0 (C) [ℓ] s , and the monodromy group M ℓ (C → Key words and phrases. monodromy, p-rank, moduli, Jacobian, curve; MSC 11G18, 11G20, 14D05. We also prove an analogous result about p-adic monodromy (Proposition 4.8).
S, s) is the image of π 1 (S,
We give four applications of Theorem 4.5 in Section 5. The first two do not use the full strength of the theorem, in that they can be deduced solely from knowledge of the Q ℓ -monodromy. Application (i) complements [26, Thm. 1] (and recovers [2, Thm. 1.1(i)]), while application (ii) complements results in [14, Thm. 1] . Applications (iii) and (iv) build upon [16, 9.7.13] and [19, 6 .1] respectively. Applications: Let F be a finite field of characteristic p. Under the hypotheses of Theorem 4.5:
: (i) there is an F-curve C of genus g and p-rank f with Aut F (C) = {id} (5.4); : (ii) there is an F-curve C of genus g and p-rank f whose Jacobian is absolutely simple (5.7); : (iii) if |F| ≡ 1 mod ℓ, about ℓ/(ℓ 2 − 1) of the F-curves of genus g and p-rank f have a point of order ℓ on their Jacobian (5.9); : (iv) for most F-curves C of genus g and p-rank f , the splitting field of the numerator of the zeta function of C has degree 2 g g! over Q (5.11) .
At its heart, this paper relies on fundamental work of Chai and Oort. The proof of Theorem 4.5 appears in Section 4.2. It proceeds by degeneration (as in [7] ) and induction on the genus. Consider the moduli space A g of principally polarized abelian varieties of dimension g and its p-rank strata A f g . Recent work in [5] gives information about the integral monodromy of A f g . In particular, an irreducible subspace of A g which is stable under all Hecke correspondences and whose generic point is not supersingular has monodromy group Sp 2g (Z/ℓ). We note that [5] is not directly applicable to the strata M f g when g ≥ 4.
When g ≥ 4, the Torelli locus is very far from being Hecke-stable. Another method for computing monodromy groups is found in [13] , where the author shows that certain group-theoretic conditions on the local inertia structure of a Z/ℓ-sheaf guarantee that its global monodromy group is the full symplectic group. The method of [13] applies only to families of curves in which the Jacobian of at least one degenerate fiber has a nontrivial toric part, and thus does not apply to M 0 g . The inductive step of Theorem 4.5 uses results about the boundary of M f g found in Section 3. In particular, it employs a new result that the closure of every component S of M f g in M g contains moduli points of chains of curves of specified genera and p-rank (Proposition 3.5), and in particular intersects the boundary component ∆ 1,1 in a certain way (Corollary 3.7). As in [3] , this implies that the monodromy group of S contains two non-identical copies of Sp 2g−2 (Z/ℓ), and is thus isomorphic to Sp 2g (Z/ℓ).
A result of independent interest in Section 3 is the following. In Section 3.2, we include some open questions about the geometry of the p-rank strata of curves. For example, the number of irreducible components of M f g is known only in special cases. Finally, we anticipate that the techniques of this paper can be used to compute the ℓ-adic monodromy of components of the p-rank strata H f g of the moduli space H g of hyperelliptic curves of genus g as well.
We thank the referee for helpful comments.
BACKGROUND
Let k be an algebraically closed field of characteristic p > 0. In Sections 2, 3, and 4 all objects are defined on the category of k-schemes, and T is an arbitrary k-scheme. Let ℓ be a prime distinct from p. We fix an isomorphism µ µ µ ℓ ≃ Z/ℓ. 
) is the category of smooth proper relative curves of genus g over T. There is a tautological curve C g over the moduli stack M g [6, Sec. 5] . If s ∈ M g (k), let C g,s denote the fiber of C g over s, which is the curve corresponding to the point s : Spec k → M g . Similar conventions are employed for the tautological marked curve C g;r over M g;r .
Let C/k be a stable curve. The Picard variety Pic 0 (C) is an abelian variety if each irreducible component of C is smooth and if the intersection graph of the irreducible components of C is a tree. Such a curve is said to be of compact type. Curves which are not of compact type correspond to points of a component ∆ 0 (defined in Section 2.3) of ∂M g .
2.2.
The p-rank. Let X be a principally polarized abelian variety of dimension g over an algebraically closed field 
Similarly, if g is a positive integer and if r ≥ 2, there is a map
If s ∈ M g;r (T) is the moduli point of the labeled curve (C; P 1 , . . . , P r ) then κ g;r (s) is the moduli point of the labeled curve (E; P 1 , . . . , P r−2 ) where E is obtained by identifying the sections P r−1 and P r in an ordinary double point, and these sections are subsequently dropped from the labeling. Again, the morphism κ g;r is finite and unramified [18, Cor. 3.9] .
where W is a one-dimensional torus. In particular, the toric rank of Pic 0 (E) is one greater than that of Pic 0 (C), and their maximal projective quotients are isomorphic, so that
Each ∆ i is an irreducible divisor in M g , and ∂M g is the union of the ∆ i for 0 ≤ i ≤ ⌊g/2⌋ (e.g., [18, p.190] ). If S is a stack equipped with a map S → M g , let
If g ≥ 3, then there exists a commutative diagram of clutching maps
Also, for i ∈ {1, 3}, the curves Y i and Y 2 intersect in a point P i which is an ordinary double point.
THE p-RANK STRATA OF CURVES
3.1. Boundary of the p-rank strata of curves. The p-rank strata of the boundary of M g are easy to describe using the clutching maps. First, if f ≥ 1,
Proof.
The first part of the next lemma shows that if η is a generic point of M 
In other words, Lemma 3.3(b) states that if f ≥ 1 and if η is a generic point of ∆ 0 [S], then the normalization C g,η of C g,η is a smooth curve of genus g − 1 and p-rank f − 1. The containment in Lemma 3.3(b) may be strict since ∆ 0 [S] may contain points s such that C g,s has p-rank strictly less than f . 
and let ( f 1 , f 2 ) be a pair which satisfies (3.1.1). Possibly after exchanging i with g − i and f 1 with f 2 , we suppose that f 1 > 0. 
Let ξ be a generic geometric point of the intersection. By part (b) of the inductive hypothesis, the curve C g−1,ξ is a chain of two irreducible curves, Y 1 and Y 2 , with respective genera g ′ 1 and g ′ 2 and p-ranks f ′ 1 and f ′ 2 , intersecting in one point P which is an ordinary double point. Let P 1 and P 2 be two distinct points of Y 1 − {P}. Note that after identifying the points P 1 and P 2 on Y 1 , one obtains a (singular) curve of genus g 
Proof. This follows immediately from Proposition 3.5. 2
The next result is the form of Proposition 3.5 used to prove Theorem 4.5, which relies on degeneration to ∆ 1,1 . We label the four possibilities for ( f 1 , f 2 , f 3 ) such that f 1 + f 2 + f 3 = f and f 1 , f 3 ∈ {0, 1} as follows: (A) (1, f − 2, 1); (B) (0, f − 1, 1); (B') (1, f − 1, 0); and (C) (0, f , 0). 
case (A) occurs as long as f ≥ 2, case (B) or (B') occurs as long as
and case (C) occurs as long as f ≤ g − 2.
Proof. All three parts follow immediately from Proposition 3.5. Let ℓ be a prime distinct from p. For each positive integer n, the fundamental group π 1 (S • , s) acts linearly on Pic , s) , is the image of ρ C→S,s,ℓ n . If S is equipped with a morphism f : S → M to one of the moduli stacks M defined in Section 2.1, let M ℓ n (S, s) denote M ℓ n ( f * C → S, s), where C → M is the tautological curve. The isomorphism class of the abstract group M ℓ n (S, s) is independent of s, and we denote it by M ℓ n (S). Let M Z ℓ (S) = lim← n M ℓ n (S), and let
The principal polarization λ on Pic 0 (C) induces a symplectic pairing ·, · λ on the ℓ n -torsion, with values in µ µ µ ℓ n . Therefore, there is an inclusion M ℓ n (S) ⊆ GSp 2g (Z/ℓ n ) of the monodromy group in the group of symplectic similitudes. Moreover, since k contains ℓ n th roots of unity,
If the monodromy group is the full symplectic group, this has a geometric interpretation, as follows. Equip (Z/ℓ) 2g with the standard symplectic pairing ·, · std , and let
S , ·, · std )). For simplicity, assume that S = S • , i.e., that all fibers of C → S are of compact type. There is an ℓth root of unity on S, so S [ℓ] → S is anétale Galois cover, possibly disconnected, with covering group Sp 2g (Z/ℓ). The cover S [ℓ] is connected if and only if M ℓ (S) ∼ = Sp 2g (Z/ℓ).
Finally, since the category ofétale covers of a Deligne-Mumford stack is a Galois category [22, Section 4] , one can employ the same formalism to study a relative curve C over a connected stack S.
Let h : T → S be a morphism of connected stacks. This morphism is called a fibration [12, X.1.6] [22, Section A.4] if every choice of base points t ∈ T and s ∈ S with h(t) = s induces an exact sequence of homotopy groups
An arbitrary base change of a fibration is a fibration. If h is a fibration and if the fiber T s is connected, then h * is a surjection of fundamental groups. Therefore, if C → S is a relative curve, then the natural inclusion Proof. By Lemma 4.1, M g;r → M g is a fibration with connected geometric fibers, and thus so is S r → S. The result now follows from the defining property (4.1.1) of fibrations. 2
4.2.
Monodromy of the p-rank strata. This section contains the main result in the paper, Theorem 4.5, which is about the monodromy of the p-rank strata of the moduli space of curves. The proof proceeds by induction on the genus of g. The next lemma, due to Chai, will be used for the base case while Lemma 4.4 will be used for the inductive step. 
Proof. For the proof we introduce a fine moduli scheme M g, [N] , and then show that any irreducible component of the pullback of S to M g, [N] has full monodromy.
Fix an integer N ≥ 3 relatively prime to pℓ and an isomorphism µ µ µ N ∼ = Z/N, and let A g, [N] be the fine moduli scheme of principally polarized abelian schemes of relative dimension g equipped with principal symplectic level-N structure [21, p. 139 [N] . It is the fine moduli scheme of smooth proper curves of genus g with principal symplectic level-N structure, and the induced Torelli map τ g, [N] [N] is analyzed in [24] .
Let
In summary:
Now suppose g ≥ 4 and 0 ≤ f ≤ g. As an inductive hypothesis assume, for all pairs (g ′ , f ′ ) where g ′ ≥ 3 and 0 
In particular, S L is the irreducible component of M 
Each of these is a Z/ℓ-vector space equipped with a symplectic form. There is an isomorphism of symplectic Z/ℓ-vector 
Note that this statement is not a perfect analogue of Theorem 4.5, since it only analyzes the maximalétale quotient of the p-divisible group of the Jacobian of the tautological curve over S. 
ARITHMETIC APPLICATIONS
The results of the previous section about the monodromy of components of the moduli space of curves of genus g and p-rank f have arithmetic applications involving curves over finite fields. Specifically, they imply the existence of curves of a given type with trivial automorphism group (Application 5.4) or absolutely simple Jacobian (Application 5.7). Moreover, they give estimates for the proportion of such curves with a rational point of order ℓ on the Jacobian (Application 5.9) or for which the numerator of the zeta function has large splitting field (Application 5.11).
For these applications, it is necessary to work over a finite field F, as opposed to its algebraic closure. Throughout this section, let F be a finite field of characteristic p and cardinality q, and let F be an algebraic closure of F. Let ℓ be a prime distinct from p.
In this section we redefine M g as the Deligne-Mumford stack of smooth projective curves of genus g fibered over the category of F p -schemes. Section 5.1 contains some results on arithmetic monodromy groups, and recalls a rigidifying structure which allows one to pass between moduli stacks and moduli schemes. In Sections 5.2 and 5.3, we apply these techniques to deduce consequences for curves over finite fields.
5.1. Arithmetic monodromy and tricanonical structures. Let Λ be either Z ℓ , Q ℓ or Z/ℓ n for some positive integer n. If π : C → S/F is a smooth connected proper relative curve, its geometric Λ-monodromy group is
It is naturally a subgroup of the (arithmetic) monodromy group M Λ (S). If the fibers of π have genus g one has M Λ (S) ⊆ GSp 2g (Λ), and In Sections 5.2 and 5.3, we use Chebotarev arguments to deduce various applications about curves over finite fields. At present these tools are only available for families of curves over schemes, as opposed to stacks. To surmount this, we consider rigidifying data whose corresponding moduli problems are representable by schemes. By choosing the data M g,3K of a tricanonical structure which exists Zariski-locally on the base, as opposed to a Jacobi level structure which only existsétale-locally on the base, we can relate point counts on M g,3K (F) to those on M g (F).
Suppose g ≥ 2. The canonical bundle Ω C/S is ample, and Ω Proof. Since M g,3K → M g is a fibration, so is S 3K → S. Fix a base point s 3K ∈ S 3K (F), and let s = ψ g (s 3K ). The fiber S 3K,s is connected; by the exact sequence (4.1.1), the induced homomorphism ψ g * : π 1 (S 3K , s 3K ) → π 1 (S, s) is surjective. As in Lemma 4.2, this implies M ℓ (S 3K ) ∼ = M ℓ (S). 2 5.2. Existence applications: trivial automorphism group and simple Jacobian. In this section, we show there exist curves of genus g and p-rank f with trivial automorphism group and absolutely simple Jacobian using the Q ℓ -monodromy of M Let ℓ be a prime which splits completely in all cyclotomic fields whose degree over Q is at most 2g. By the Chebotarev density theorem (see [5, Cor. 4.3] for details), there exists an s 3K ∈ S 3K (F) such that End F (Pic
where L is a number field of dimension [L : Q] = 2g which is inert at ℓ.
Since any automorphism of C s 3K ,F has finite order, Aut F (C s 3K ,F ) is contained in the torsion subgroup of O × L . Since L is linearly disjoint over Q from each cyclotomic field of degree at most 2g, the torsion subgroup of O × L is simply {±1}. Now, −1 has no nontrivial fixed points on the Tate module T ℓ (Pic 0 (C s 3K )). Therefore, if an automorphism ι ∈ Aut(C s 3K ) acts as −1 on the Jacobian of C s 3K , then the quotient of C s 3K by ι has genus zero, and ι is a hyperelliptic involution. For s := ψ g (s 3K ) ∈ S(F), the group Aut F (C g,s ) is either trivial or is generated by a hyperelliptic involution as well. 
